against the macroscopic stress was given by the observation th a t if the surface layers of the specimen were etched away progressively until the middle of the specimen was reached, no variation in magnitude or sign of the internal stresses could be observed. If macroscopic stresses were present it would be reasonable to expect some stress variation to be observed in the exposed surface as the volume of the specimen is penetrated.
On the radiation emitted by a fast charged particle in the magnetic field
B y H. Y . T z u , University of Manchester (< Communicated by P. M. S. Blackett, -Received 24 March 1947)
Pomeranchuk has shown th at electrons w ith energies > 1017 eV passing through the earth's magnetic field lose m ost o f their energies. I t is shown in this paper that the energy lost is transformed into some 600 photons o f very high energy. These photons are distributed along a very narrow band o f several decimetres or even only several centimetres length. The magnetic field of the earth can influence appreciably neither the energy spectrum nor the spread of extensive showers. Its main effect consists in shifting the shower maxim um to a higher altitude. Something like the cascade process m ight be developed by a very fast electron before it reaches the top o f the atmosphere.
I n t r o d u c t i o n
When a charged particle moves in a magnetic field, it is accelerated in a direction perpendicular to its direction of motion and loses energy by radiation. Pcmeranchuk (1940) has shown th at electrons of about 1017eV or more will lose most of their energy while penetrating into the earth's magnetic field. Electrons of energy 1016 eV give probably the most important contribution to the extensive air showers at the sea level. It may be assumed th at electrons of energy 1017eV are important in producing the more dense showers. Therefore it is of particular interest to investigate how the phenomenon of extensive air showers is affected by the radiation of the primary electrons in the earth's magnetic field before reaching the atmosphere. Using Dirac's (1938) classical equation of motion of an electron, Pomeranchuk has calculated the energy loss and the path of a charged particle in the earth's magnetic field. He has also discussed the limit of validity of his theory. But he has not investigated the frequency and the angular distribution of the emitted photons, the knowledge of which is essential for determining the influence of the earth's magnetic field upon extensive air showers. In this paper therefore spectra and the angular distribution of the radiation will first be found. When defining the limit of this theory, the limit of Pomeranchuk's theory given by himself from a different standpoint will be examined. Then the effect of the earth's magnetic field on the extensive air showers will be analyzed. Investigation will be made of the problem in the region of energies where the classical treatm ent is possible, and the effect of the radiation damping can be neglected. Actually, the classical treatm ent will be seen to be valid over the whole region which is of practical importance. I t will be shown th at for electrons the classical treatm ent is expected to be valid for an initial energy 1022eV. For heavy particles the limit is even higher. Cosmicray particles of initial energy W0 ^ 1022eV, if they exist a t all, are far too scarce to be detected by existing methods. I t will also be shown th at the energy lost by a fast electron in the earth's magnetic field is transformed into several hundred photons of extremely high energy, and th at these photons are distributed laterally over a short band of several decimetres length. Thus nearly all energy lost reappears in the form of photons of sufficient energy to develop extensive showers coming down to the sea level. The most important effect of the earth's magnetic field is to accelerate the development of the extensive showers. At the equator the electron-initiated showers would always be fully developed before reaching the sea level, no m atter how high the primary energy is.
T h e s p e c t r a o f t h e e m i t t e d r a d i a t i o n (a)
The form of the electromagnetic pulse. The radiation emitted by charged particle concentrates itself mainly within a small cone in the direction of the velocity of the particle. As the particle moves along the path, every point in the space swept across by the cone of radiation experiences an electromagnetic pulse.
To calculate the pulse, the osculating plane of a certain point 0 on the path as the X -Y plane with the tangent at O as the A-axis is chosen (figure 1). In the first step the electric strength at a point P in the X -Z plane at a large distance from the path will be calculated.
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The retarded field strength of the particle is* with the following rotations: E = the electric strength at the point P, H = the magnetic strength a t the point P, r = the vector from P to the retarded point A , v = the velocity of the particle a t A , v = the acceleration of the particle at A , e = the charge of the particle, c = the velocity of the light, For a particle moving in a magnetic field, the Lorentz force
is always perpendicular to the path. The tangential acceleration is solely due to the radiation damping. Confining ourselves to processes for which the effect of the radiation damping is negligible, we can neglect those terms containing vt in (4).
Denoting the angle between v and -r by \ { rw e ha For a fast particle, v is very nearly equal to C. So th at for small value of \]r, s is very small and therefore E very large. Thus the larger part of the radiation is contained in a small cone. To see roughly the magnitude of the cone, we make the approxi mation , . , , " cos 1 -\ y 2.
We find r( ■ 1 -\ (1 ~ = M <*2 + ^2)> with a2 = 1-y?2.
'
The opening angle ft of the cone has therefore the order of magnitude of a. For extensive showers, only primary particles with initial energy ^ 1014eV are signi ficant. For an electron of such high energy, 10-8 is very small. In the cone of radiation, s has the order of magnitude of a 2, sin0 and sin# have the order of magnitude of a. Among the terms containing vp in (4) the term Radiation emitted by a fast charged particle in the magnetic field 235 is of smaller order and therefore can be neglected. W ith the approximations cos 0 = 1, s i n^^0 , cos # = 1, sin #^# , The form of the pulse is roughly shown in figure 2 .
is an even function, while is an odd function of 0 .
and introducing the notation = a 2 + we get
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The spectra. Let the Fourier components of the frequency v of and b denoted by E J v )and E^v). Then we have
where t is the time a t the point P. Since Ev and E^ are functions of (j> , it is essential first to establish the relation between t and We shall denote the retarded time of the particle a t the point A by r. Then it is well known th a t
On the other hand, we have From these we get at once
if we choose the zero point of t and r such th a t = 0, r = 0 correspond to = 0 . Using (8) and making the substitution x = 0/oq, we get
The limits of the integrals are practically + oo. In the region where the main part of the radiation concentrates, ctx is extremely small, and therefore the limits of x = 0/oq are very large. The integrals can eventually be reduced to Bessel functions by making the substitution y = 2 sinh $or. We obtain after simple calculation where iq = 3vp/cal and K denotes the Bessel function of the imaginary argument. We shall denote the energy spectrum of the radiation emitted within the angle element d(J> by I{v)dvd(f). In particular, we shall denote those polarized in r/-and ^-direction by Iv(v)dvd<fi and I^(v)dvd<p respectively. I t is then evident
I^{v)dvd(})
The integrals are difficult to evaluate exactly. For practical purposes the following approximations are accurate enough:
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where ( 12) The forms of the spectra are shown in figure 3 . From (11) we see at once th at the intensity drops exponentially for v^>v0, and tends to zero as A4 for r<4r0. Most of the energy radiated is therefore spent in a region where the frequency has the order of magnitude of v0 or where A has the order of magnitude 1.
F igure 3
We have determined the values of (ca/e2) I^v) and (ca/e2) I^{v), which are dimen sionless and depend on A only, both by graphical integration and by using the approximations (11). The results are given in tables 1 and 2. The errors are within 5 % in the region which is important. The total energy dW radiated within a small angle of < f > corresponding to a time
After some calculation we find th at c 47T
which is just the energy loss of the particle if we neglect the effect of the radiation damping. The exact expression for the energy loss is
The result is just what was to be expected. The radiation is mainly concentrated in a small cone in the direction of motion of the particle. The radiation emitted in other directions is negligible.
(c) The number of photons. Proceeding to find the number of photons emitted dN, dNv and dN^ r epresent respectively the total number of photons, the nu photons polarized in ^-direction and those polarized in ^-direction emitted within a small angle df>. Then
After carrying out the integration, we find
. T h e l i m i t o f t h e t h e o r y
The theory developed is essentially limited to the region, where the following three effects can be neglected:
(а) The quantum effect.
(б) The effect of the radiation damping.
(c) The variation of vp. I t has been treated as a constant. I t is therefore essential th a t vp should not change rapidly.
In the following these conditions will be examined one after another and thereby set the limit of the theory. Some of the conditions have been given by Pomeranchuk.
The physical interpretation given by him for the most stringent condition is different from th a t given in this paper.
(a) The quantum effect. The quantum theory demands th a t the position of the electron in a system a t rest with respect to the electron is uncertain by an amount Radiation emitted by a fast charged particle in the magnetic field 239 with h/mc as the Compton wave-length. Otherwise the velocity of the particle would be uncertain by an amount nearly equal to c. I t is essential th a t in a system at rest with respect to the electron the field of the earth should not change appreciably along a region
Ax. So th a t we have as the first condition, where E and AE are respectively the electric field strength and the variation of the electric field strength of the earth in a system at rest with respect to the electron. In a system a t rest with respect to the earth, the earth's magnetic field oan be approximated to the dipole field
with R as the distance from the earth's centre and M the strength of the dipole.
In equatorial plane
On the other hand, we have
so th a t the condition becomes 3 h maxR <^1.
This condition has been given by Pomeranchuk apart from an unimportant numerical factor 3. I t should be noted th at this is not the only condition demanded by the quantum theory. In order th at the classical treatm ent be valid, the number of photons taking up most of the energy lost by the charged particle should not be small. In particular, the energy of individual photons emitted should be small in comparison with the energy of the radiating particle. Since vp is proportional v0 = SVpjca? increases as 1 /a2, and so is proportional to the square of the energy of the particle. The second condition is therefore hv0a 3 j m e2 To a first approximation, we may assume where m is the mass of the particle. We have therefore
This condition has been given by Pomeranchuk as a criterion for the probability of the pair production by high-energy photons in a magnetic field. Actually this is the criterion for the probability of the pair production by electrons in a magnetic field. So th at the condition (20) simply means th at the classical treatm ent fails, when the radiating electron begins to produce pairs.
The effect of the radiation damping. The next limit is radiation damping. The exact expression for the radiation emitted is given by (14). 
I t should be noted th at owing to he = 137e2, the condition (20) is always more stringent than (21). So th at whenever the quantum effect can be neglected, the effect of the radiation damping is small.
(c)
The variation of vp. The last condition is th a t vp shoul Let any segment of the path be marked out along which the direction of the velocity of the particle has been deflected by an angle a, the opening of the cone of radiation. Then vp must not vary appreciably along such a segment of the path. The condition is essentially equivalent to the condition th a t the particle should not lose an appreci able fraction of its energy while passing such a segment of the path. According to (19) the variation of vp is a result of the variations of a and
The variation of a means the variation of the energy of the particle. The variation of H is the variation of the field strength in space. In the earth's magnetic field, the effect of the variation of H is small. For if the segment of the path is so long th a t H changes appreciably along the path, the magnetic field must be very weak. So th a t the amount of energy radiated along this segment must be very small and therefore unimportant. This condition is equivalent to the condition (21). The most stringent condition is therefore set by the quantum effect. I t will be shown later th a t (20) gives the lowest upper limit for the validity of the classical treatment.
(d) A remark about the finite number of photons. There is one point of interest concerning the number of photons emitted. The problem of a radiating charged particle in the earth's magnetic field is in principle the same as the Bremsstrahlung. The only difference is th at the field of a magnetic dipole takes the place of the Coulomb field of a nucleus. I t is known that, in the case of Bremsstrahlung, an infinite number of photons are emitted, while in the present case the number of photons emitted is finite according to (16). To explain this paradox, the integral (15) must be investi gated more closely.
In general, the infinite number of photons are caused by divergence of the integral (15) a t the lower limit. If lim
then the integral diverges logarithmically and an infinite number of photons of low frequency are emitted. B ut it will converge if both
which is just the present case. Since
lim E(y) is proportional to the area under the curve E(t) in figure 2. The areas are K -»0 just equal to zero in the present case. Actually, there do exist an infinite number of photons of low frequency. Some approximations have been made while developing the theory. I t is these approximations which cause the vanishing of the integral (15).
First, the expression (6) is not exact. We have neglected terms in (4) containing v( which represent the effect of the radiation damping. The terms neglected in the expression for E y are evr2vt T s i n 0 cos0 cos0 + ^s i n 0 ; both are odd functions of < j > which is in turn an odd function of according to (8). The integrals of both terms over dt must vanish. They cannot t an infinite number of photons. The terms neglected in the expression for are -^^s i n^ sin 6 -cos2 ^ s*n^ cos^ -~^2C0ST he first term, being an odd function of <p, cannot make the integral (15) diverge. But the second and the third terms are even functions of (j> and of the same sign. Their integrals over dt cannot vanish. So th a t an infinite number of photons are indeed produced due to these two terms representing the effect of the radiation damping.
Secondly, (8) is only approximately correct. The exact expression iŝ " = -( l --cos^ cos.
d(f> rvp vp \ c )
Since v decreases monotonely with increasing < fi, and the variation of vp with respect to ^ depends upon the form of the magnetic field, the expression a t the right-hand side is not exactly an even function and therefore t is not exactly an odd function of (j> . Even terms of an odd function of 0 in (4) can give rise to an infinite number of photons.
That the energy taken up by those infinite number .of photons of low frequency is small is guaranteed by the conditions (21) and (22). They cannot have appreciable influence upon extensive showers.
The application of the theory
In this section an example will be considered from which general conclusions can be drawn about the influence of the earth's magnetic field upon the extensive showers.
(a) Review of Pomeranchulc's results. The path and the energy loss of a fast charged particle in the earth's magnetic field has been given by Pomeranchuk. Since his paper is not easily available a rough review of his results is given. We take the simplest case of an electron approaching the earth vertically in the equatorial plane.
The equation of motion of a charged particle is
With F f as the field strength and ufl, ufl, ... as four velocity, four acceleration, etc the time component of (23) in ordinary three-dimensional form is
In the present case m.
Substituting it in (24) we obtain after simple calculation dW 2 riw*rv 1 *
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The equation can be integrated a t once, if we take the instant the particle arriving at the earth's centre as the zero point of t such th at = Let 11^ denote the initial energy and W the energy of the particle when it reaches a point at a distance R from the earth's centre; we have
Pomeranchuk defined Wc, which is a function of R, as the critical energy of the electron in the earth's magnetic field. Equation (26) was first given by Pomeranchuk.
For WQ^>WC the first term on the right-hand side of (26) can be neglected. We have therefore W £ Wc.
I t means: When the intial energy W0 is large in comparison with the critical energy Wa, the particle loses most of its energy. On the other hand, if the second term can be neglected, so that we have W zW 0. I t means: When the initial energy is small in comparison with the critical energy, the energy loss of the particle is negligible. Taking the radius of the earth as 6-4 x 108cm. and M = 8 x 1025e.s.u., we have Wc = 6-63 x 1017eV at the top of the atmosphere for vertical incident electrons at the equator. I t is evident th at the earth's magnetic field cannot have appreciable influence on the lower end of the spectrum of extensive showers where the energy of the primary is small compared with 6*63 x 1017eV.
(b) The numerical data of the limits of this theory. Before investigating the effect of the earth's magnetic field on the upper end of the spectrum of the extensive showers, the numerical values of the limits of our theory will first be given. The limits are given by (18) On differentiating the expression on the right-hand side with respect to R, we find 2 r0M the maximum occurs a t R 2 27x 137 e , which gives the upper limit W o < 3 x 1022eV.
Our theory is therefore valid for electrons of initial energy W^3 x 1022eV.
(c) Frequency and number of 'photons. The next step is to see the influence of the earth's magnetic field on the upper end of the spectrum of the extensive showers. To do this we must see what is the total number and the dominant frequency of the photons emitted. The total number of photons of appreciable energy emitted up to the top of the atmosphere is given by integrating (16) 5 e2 f 2 7 3^-. a with R0 as the earth's radius. Taking into account th a t vp^eocM / R 3 and R we get after simple calculation N 5 Me3 4 y/3 hc3mR% £ 600.
-ct,
The initial energy of the particle does not appear in the expression. The initial energy does not influence the number but only the frequency of the photons. To see the order of magnitude of the frequency of the emitted radiation, we take the case of an electron having an initial energy equal to Wc -6-63 x 1017eV. According to (27) the number of photons emitted is inversely proportional to the square of the distance from the earth's centre. H alf of the photons have been emitted when the electron arrives a distance *J2 R0 from the earth's centre. We can get a good idea ab frequency from the expression vjcccz a t this distance. Using (19) and (26) we find after substituting in the numerical value of the constants v0 ~ 1030 sec.-1, ~ 1015 eV.
Thus most of the energy lost by the particle is transformed into some 600 photons of extremely high energy. The showers developed by those photons will come down to the bottom of the atmosphere with th a t started by the primary electron which has lost much of its energy. So th at the energy lost by the primary electron takes on the new form of showers started by energetic photons which cannot be essentially different from th a t started by the primary electron alone.
(d) The angular spread of the photons. The next thing is to see whether the earth's magnetic field can influence appreciably the spread of the extensive showers. To this end we must investigate how the photons are distributed in the space. Since most of the energy radiated is contained in the cone of radiation, it is evident th a t the energetic photons are distributed and move forward on a very narrow band cut out by the cone of radiation. The length of the band is approximately equal to the deflexion of the electron from the straight path. The deflexion of the particle is r-Rolc rt
J -00 J -00 which gives after simple calculation
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For W0p 2 lW c the first term on the right-hand side can be neglected. In such cases the length of the band is approximately equal to 1 • 35 cm. at the top of the atmosphere. For Wq4,2\Wc the second term could be neglected. In the particular case of W0 = Wc the length of the band is about 30 cm. That the earth's magnetic field cannot influence the spread of the extensive showers is thus evident. I t has been pointed out by Blackett (1947) th a t when a fast electron passes the neighbourhood of the sun a band of photons will be emitted, which will, when they reach the earth, have an extension sufficient to give an observable spread. Such a long band of photons would give rise to extensive showers of the shape of a long narrow band. If we assume th at the strength of the sun's dipole is 1-7 x 1034e.s.u., the length of the band a t the sea level could be several dozens of kilometres. Such showers, though very infre quent, may possibly be detectable.
The shift of the cascade maximum. One of the most important effects of the earth's magnetic field is that it accelerates the development of extensive showers. It breaks the energy of the primary particle into smaller units before the particle arrives at the top of the atmosphere. So that, in general, we expect a shift of the shower maximum to a higher altitude. Owing to the production of pairs there is also a similar upper limit for the energy of the photons entering the atmosphere. I t will be shown th at this upper limit has the same order of magnitude as th at for electrons. We can roughly take Wc as the common upper limit. The depth where the maximum of the shower started by an electron of energy Wc occurs is W = ^g J -2 = 21 cascade units, where /?= 1*03 x 108eV is the critical energy of the electron in the air for cascade processes. The maximum for the shower started by a photon is about one unit deeper. The whole layer of the atmosphere corresponds to some 24 units. So th a t for cascade showers a t the equator the maxima always occur above the sea level.
R emarks on the pair production
In the foregoing sections we have investigated the radiation emitted by a fast electron in a magnetic field. The process is closely analogous to the Bremsstrahlung. Since the pair production and the Bremsstrahlung are processes similar to each other not only physically but also mathematically, it can be safely assumed th a t the absorption coefficient of photons in the earth's magnetic field has the same order of magnitude as th a t for electrons. The probability of the pair production would be appreciable if the energy of the photon were comparable with For primary electrons of very high energy something like the cascade process might be developed before the primary reaches the top of the atmosphere.
Processes like the Bremsstrahlung and the pair production are possible only if there exists some agency capable of absorbing momentum. I t would be interesting to investigate how the momentum is absorbed in the present case. I t is evident th a t it is finally absorbed by the huge mass of the earth just as it is absorbed by the mass of the nucleus in atomic processes. A detailed investigation into the mechanism of the process is, however, outside the scope of this paper.
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